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NOTATION 


coordinate along the cable 
length of the cable 


velocity of propagation of an elastic wave along the 
cable 


maximum displacement of the upper end of the cable 
§.npressed circular freauency 

acceleration of gravity 

cross-sectional area of the cable 

moduius or elaaticity 


mass of ai equivalent body at the lower end of the 
cable 


tension at any point along tne cable 

static tension at the lower end of the cable 
static tension at the upper end of the cable 
change in tension | 

longitudinal displacement along the cable 
mass per unit length of the cable 


angle between the cable and the horizontal 
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ABSTRACT 


A theoretical analysis of the variation in mooring-cable 
tension of ships anchored in deep water 1s presented. The 
hydrodynamic forces produced by the ocean currents are neglected 
in comparison with the elastic forces of the cable and based on 
this assumption, the wave equation for longitudinal vibrations 
is derived. The wave equation 1s solved for two sets of toundary 
eonditions and the results are applied to three typical ship- 
anchoring problems in deep water. 


INTRODUCTION 


There are an increasing number of applications where ships 
must be anchored in deep water. For example, cable-laying snips 
and radar picket ships are oceasgionaily anchored in deep water. 
In applications of this type usually the hydrodynamic forces 
eroduced by ocean currents are 3mali and may be neglected in 
comparison with the effect of ship motion on the elastic forces 
in the anchor cable. 


The purpose of this paper 13 to show tnat che wave equation 
ean be used to compute the oe Bae CHILE cCeMs:tom produced by ae 
motion providing that certain simplifying assumptions can be made, 
The equation for longitudinal vibrations along the cave sis derived 
and a solution 13 presented for two sets of boundary conditions. 
Also, three numertcai examples of ships anchored in deep water are 
included. 


MATHEMATICAL FORMULATION OF PROBLEM 


An elastic cable In equilibrium subjected to known forces 
at each end is considered. Both the normal and tangential com- 
penents of the hydrodynamic force are neglccvcd. Tre weight 
cf the cable is included in the determination of the steady-state 
eMstonmatmeacn end. s AlSoO, athe sUumon the) elastic forcels acing 
on the cable is equated to the mass times tne acceleration of 
the cable. Then, in the analysis, the cable can be assumed to” 
Iie in any arbitrary plane. Hence, consider a piece of cable 
of Length Xy as shown by the sketch in Figure 1. 


*References are listed eon page 22. 
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Figure 1 - Deformation of Cable Element 


It is seen that the point s moves to s + &€ and the point s + ds 
moves to (s + 43)+(& + dé) as a result of applying some force 


F(t) to one erd of the cable. Then at some time t; tne lengtn 
ds becomes as+ (96/63 ds. If Hooke's law? 1s assumed for the 
relaticnship between the applivd roree and the resulting strain, 
the elongation, 6€/0s, vroduces a tensile stress at section s 
ynich 1s given by E 0&/os. 


Consider a cable element of length ds 2s shown by the sketch 
in Figure 2. 


Figure 2 - Forces Acting on Cable Element 


summing ferces on the element and applying Newton's Law yields 
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and dividing Equation [1] by ds gives 
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which 1s the equation of longitudinal wave motion. Also, the 
tensile force acting on the cable can be written ag 
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“y2 
dT = AE DEE ds + jt g sin 9 ds {5] 
037 
Integration of Equation [5] yields | 
S uh 
T = AE : + {1 gs sin 6 + constant {5] 
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tem ceMnStOn ais the lower end of che cable Ws denoted by iG 
when the cable is in equil‘brium, L.e., when d2/ds = 0, Equation 
{6] becomes 


Por Tete Ss) sim ee AE 86 We 


By the method of separation of variables, a solution of 
Equation [4] can be written as 


; @) 
&(9,%) = (Ca COS Os + Ga Sim @E)) (Co Ces FS Cy Stl = 8) (0S) 
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Tne four constants, C,, C2, C3, and C4, must be determined 
from the boundary and initial ccnditions of the specific 
problem, 


SPECIFIC SOLUTIONS 


Two basic types of problems, differing only in the end 
eonditions are investigated. One end of the cable system is 
disturbed by a simple harmonic displacement while the cther 
end is fixed or allowed to move. Tne cabie-anchor configuration 
is assumed to be a straight line inclined to the horizontal. 
Also, as previously stated, the weight of the cable is considered 
in the determination of the equilibrium tension and the hydro- 
Gynamic forces are neglected. 


LOWER END RIGIDLY FIXED 
fn tnis case, the origin of the ccordinate system is placed 


at the fixed lower er 1. Tnen, the boundary conditicn at tnis 
point can be written as 


é(0,t) = 0 [3] 
and Equation [8] becomes 
2(O,6) S GaGa GOS @s => Ca Silla ae) SO {10] 


Equation {10} can be satisfied for all values of t only if 
3 = ©. EKence, Equation [8] can be written as 


W 
2(S5%) = Sila A S (Ch COS Ws & GS Bil) ws) (ay 
or 
i 
8(S,%)) = silt 2 5 (C. GOS 2s & O. Sip we 
S ’ SS a 5 Lo , sin wt) (12) 


if, the system is at cest at t = 0, then 
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and Equation (12] becomes 


#(3,0) = C, sin 2a = 0 [14] 


Therefore, C- #2 0. 


= With this vesutt, Eq.ation [12] can be 
rewritten a3 


é O) : 
(G8) 2G, sly mis sis as (ais: 
If the upper end of the cable, 2 = #2, is displaced according 
to 
BCH 5B) B toy ailin cnye tL6) _ 
Equation [15] becomes 
2 “ wh 7 
9 Ekin MS SC RN we Siid Ae (al 
6 
Hence 
¢ = —~P— [15] 
6 sin wf 
a 
and Equation [15] can now be written as 
ae ee ——- a ~ a 5 
BS) el oe we sin wt sin Ae. (19] 
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Equatton [19] specifies the space and time Re eS of the 
longitudinal displacement of (he cable. 
| 


Let 
AT = ap oo [20] 
o3 
/ 
Then Equation [7] can ba writtey at s = 0 as “ 
f = G 4 om 21) 
Dg 2 Be © OM coy [21] 
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where 


dynamic tension 


Therefore, the rat CLC SEAT ihe tensicen 2 upper end? can be 
written at the lower end as 

ite T 

s=0 _ 0 , Afis=6 (23) 

Ta iy | (GRY os a 
and at the upper end as 

BSe) oq 4 Sisal [24] 

Ty Ty 
Differentiating Equation [19] and substituting the results 
in Equaticn [20] yields 

w fat) pee 
AT = AE > Sa Sali) Oo COE = S 5; 
=) a sin ar a 63] 


The change in tension, AT, at any potnt along the cable for the 


fixed erd case can be computed from Equation [2 5). 


LOWER END FREE TO MOVE 


If a body of mass M is attached to the lower end of the 


cable, ‘the boundary condition, applying Newton's Law, can be 


written as 
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M —= is = [Mg sine - W) 6) [26] 


but from Equation [7] 


T= To + AE 38 (27) 


Hence, the boundary condition given by Equation [26] becomes 


is, 
iM ot? 
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Cea [ 2 Bali © T> - AE Seles {28} 


However, it ts cecognized that the steady-state tension must 
be the same as the weight of the cable and bedy. Therefore 


we sin OS Wye © [29] 


Hence, Equation [28] becomes 


S78 (0,t) . _ AE 08(0,t) 
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The displacement 1s assumed to be zero at t = 0, as in the 
previous section. Hence the displacement can be weitten as 


G(s) = Sit oe (Cc, cos = s + C, sin = s) (31] 


Applying the boundary condition at s = 0, which 1s given by 
Equation [3C], to Equation [31] ylelds 


_ aM 
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Therefore, Equation [31] becomes 


, Foon Ge aMo 2 
é(s,t) = C, sinot [eee qs +7, sings 
Ns “nm the previious section, the upper end of the cable, s = 


is displaced according to 


Hence 


£(g,t) = p sin wt 


D 
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a AE B 


and now the equation prescribing the space and time benavior 
cf the cable can be written as 


Therefore, 


p sin at | One. 2 aMy ; a | 
5 SSS = | COB ES ——— Sila = S 
cos Ay A + ao) sin (aoy a AE a Jj 
a AE a 


the change in tne dynamic tension with respect tc 


the static tension at the upper end can be written as 
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Hence, Equation [38], which ts valid for the cavle-anchor 
configuration, can ve used to compute tne change in tension 
above the equilibrium value for any point along the cable for 
a range of tnput circular frequencies, w, and input displace- 
ments, p. 


NUMERICAL EXAMPLES 


Three mooring cable systems, I, ILI, and IXLI, shown in - 
Figure 3, are investigated utilizing the resuits developed in 
the previous section3. Various simplifying assumptions con- 
cerning the cable sysvems are made; however, the phystcal case 
of anchoring a ship in deed water will probabiy lie between 
the two idealized cases. 


In all three examples the cable is assumed to be sudjected 
GO) SUmie lees i Saeten such that the configuration can be approx- 
immaited by a straight Vine. Because the sag dve go the wereht 
of the cable has been neglected in this analysis, the computed 
tension variations DEOL will be larger than actually developed 
im the real case. Tne equilibrium ccnrigurations for the three 
examples are sresented in maples i 2p Biol 3 @inal joileviee 3. 


Equation [25] 1s used to compute AT for the examples where 
the lower end of the cable is fixed and Squation [38] is used 
for the examples where the lower end is free to move. In these 
computations, the anchor, chain, and concrete clump which com- 
prise the last 270 feet of the system, are lumped together and 
considered as a single mass. The numerical values of the con- 
stants in Equations [25] and [38] were taken as 


KS Oss sine . 
2 Wh se 0° ban 
a = 1,69 x LOY 25/500 | 


Figure 4 shows how the ratio of dynamic tension to statie 
tension varies ‘as)a function of fceeanency of displacement of 
the upper end. The calculations are for a l-foot-harmonic 
displacement of the upper end for each of the three configura- 
tions with fixed and with free lower ends. The percentage change 
in the dynamic towline tension for the three exainples subject to 
l-foct-harmonic dispiacement of the upper end 1s shovwm' in 
WieuRe NS olnce Aly varakes Miineaciin. wat desplacement, tne’ 
effect of other displacements can be obtained from these curves 
by multiplication. In Figures 4 and5, separate curves are shown 
for the tension parameter at the upper and lower ends. 
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TABLE 1 


Cable-‘ncher Cenfiguration I 
Horizontal Component of Tenston at Surface = 10,000 its 


zt 
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HeLlenit of | Horizental 
Distance Angle of |line above Distance 


ae line AG anc ok fier ancior 
Position x 
i Lie pee %  pealia) eae in seeds in feet 
Ancher, beginning 
of Chain 
WW = s}o5) AboyAae 
in water 
cosa ya 
6g | 
| 
| 
all 


End of First Shot 

ot Grate. : 
Clump - “14100 lbs lbs 28 

in water ie ; 
EMeleoty oe 

beginning of Soll 102 
Cabie 

Surtace end of 


Cable i By i 
W = 1.25 lb/ft 4uso B05) 3000 
in water : 
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Cable-Anchor 
Horizontal Component of 


TABLE 2 
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Sonfiiguration LE 
Goret on at. Surface 


| 0 alelone Ok Horizontal 
Distance | Ansle of | line above Distence 
Along hae | ine anchor, | fom ae 
Position Ss 9 y | 
in feet in degrees is feet fiat ees 
| d Es I i | we =| i } caaetl| 
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TABLE 3 


Cable-Anchor Configuration IIL 
Horizontal Component of Tensicn at Curface = 40,C0C ibs 


Height of | Horizontal 


Distance Angle of ; line above Distance 
A2ong line line aachor from ne 
Position 3 9 y Xx 
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(c) Configuration IIL 


Figure 3 - Schematic Diagrams of Cable-Anchor Configurations 
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Figure 4a - Mooring Line Tension Ratio as a Function of Impressed 
Circular Frequency for a 1-Foot-Harmonic Displacement 
of the Upper End and a Cable Length of 4420 Feet 
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Figure 4b = 6000-Foct Configuration 
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Figure 5@ - Percentage Change in Mooring Line Tension as a 
Function of Impressed Circular Frequency for a 
1-Foot-HNarmonic Displacement of the Upper End 

_of the 4420-Foot Configuration 
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Figure 5¢ - 8140-Foot Configuration 
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Figure 6 is an example of the time variation of Ea 
u 
at the upper end of the 6000-foot configuration with the lower 
end fixed. This curve was computed from Equation [25] for a 
circular frequency, a, Of) 120) 


NATURAL FREQUENCTES 


Me natural frequency is defined as the frequency which 
causes AT »o, Hence, for the fixed end case vhich is given 
by Equation [25], AT + © when sin wh/a > 0. Therefore 


nita 
On = el where n = i, 25 Sp) 9 oo). 6 (39) 


If the lower ena is free to move AT + ~ when 


ws alia. . 
cos = Sos sin oe 0 [40] 


as can be seen from Equatien [38] Equation [40] can be 
written as 


tan coe - -AE_ where n = Is) 25 Ss 


a alan 
and solved graphically for w,. 


| CONCLUSIONS 


| 
A method of computing the dynamic tension at any point 


along a mooring cable for two sets of bounda:v conditions has . 
been presented. Although the sag of the cabie was neglected in 
this analysis, it is felt that the real ship-anchor probiem wilt 
lie between the two sete of boundary conditions. Tne case with 
the lower erd of the cable rigidly fixed should piedict 2 value 
for the tension higher than the real case; whereas, the case with 
the lower end of the cable free to move should predict a value 
for the tension lower than the real case, 
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